We reconstruct boundary superstring field theory via boundary states. After a minor modification of the fermionic two-form, all the equations needed for Batalin-Vilkovisky formulation are simply represented by closed string oscillators and the proof of gauge invariance is drastically simplified. The general form of the action of boundary superstring field theory is also obtained without any assumption and found to take exactly the same form as the bosonic one. As a special case of this action, we revisit the conjecture that the action is simply given by the disk partition function when matter and ghosts are completely decoupled. *
Introduction
Boundary string field theory (BSFT) [1, 2] is one of off-shell formulations of string theory. Though it is a version of covariant open string field theory, the formulation is close to worldsheet sigma-model rather than the other open string field theories [3, 4] . BSFT has been applied to unstable D-brane systems including tachyons (for a review, see [5] ) and it turned out to be successful in describing such systems. For example, it gives the exact form of the tachyon potential [6, 7, 8] .
BSFT is formulated on the space of all boundary interactions specified by couplings λ's in worldsheet sigma-models based on the Batalin-Vilkovisky (BV) formalism. In bosonic string theory, the spacetime action S of BSFT, which is a function of λ's, is defined through the equation,
where the correlator · · · λ is evaluated in a worldsheet sigma-model on a disk with the boundary perturbation defined by λ's. Here, O(σ) is a boundary operator which is also specified by λ's, and σ parametrizes the boundary of the disk. Q B is the bulk BRST operator. The gauge invariance of this action is guaranteed by the BV formalism. Under the assumption of decoupling of matter and ghosts, it was shown in [2, 9] that the action S is related to the disk partition function Z and β-functions of the worldsheet sigma-model as
A proposal for boundary superstring field theory (super BSFT) for non-BPS D-branes was first made in [8] , where the action of super BSFT is rather phenomenologically identified with the corresponding disk partition function:
Soon later, justification for this proposal was attempted by [12, 13] based on the BV formalism. In order to show the conjectured relation between the action and the partition function, the following trick given in [2] has been used. First, assume that the matter system consists of two decoupled subsystems. Then, by using the local integrability of the definitional equation (1) , one can express the action of BSFT by partition functions and several one-point functions of the two subsystems. In the case of superstrings, it is plausible that the one-point functions above, which are those of fermionic operators, vanish and the action simply reduces to the partition function of the whole system. Thus, the conjecture has been indirectly shown. Recently, bosonic BSFT was reformulated in terms of the closed string Hilbert space [14] . The main advantage of this formulation is that we can obtain the action S itself by a simple algebraic calculation without any assumption: 
Then, it is reasonable to expect that this formulation also works for superstrings. The main interest of this paper is to reconsider the construction of super BSFT in the same manner as in [14] and obtain the general action S for superstrings without any assumption. For this purpose, we need some modification for the fermionic two-form, which is one of the key ingredients for BV formulation of BSFT. Under this new definition, the fermionic two-form is much more simply represented in the closed string Hilbert space without relying on bosonized superconformal ghosts. Furthermore, in this formulation, the proof of the gauge invariance of the action is completely analogous to the one for bosonic string, and greatly simplified compared to the one given in [13] . The general action of super BSFT is also obtained without any assumption and it takes exactly the same form as the bosonic one. Based on this general action, we revisit the conjectured relation, S = Z. We also argue some common features on bosonic and super BSFT. The organization of this paper is as follows. In section 2, we give a short review on the previous construction of BV formulation for super BSFT and propose a new definition of the fermionic two-form. We construct super BSFT in the closed string Hilbert space and evaluate the action in section 3. The general form (33) of super BSFT action is one of our main results of this paper. Two formal aspects of the BSFT action, the expansion form and the gauge transformation, shared among bosonic and super BSFT, are provided in section 4. In section 5, we reconsider the well-known relation S = Z in our formulation. The final section is devoted to summary and discussion. Our convention and some explicit calculations concerning the boundary fermion for non-BPS systems are given in appendices.
BV formulation of super BSFT and its modification
In this section, we shall briefly review the construction of super BSFT by mostly following [13] , where boundary operators in 0-picture are regarded as fundamental. To keep the worldsheet supersymmetry, it is convenient to use the superfield formalism. The bulk worldsheet action of NSR superstring in the superfield formalism is compactly given by
where the worldsheet superfields X, B and C are written by the usual worldsheet fields,
andB andC are the anti-holomorphic counterparts of B and C. Here, θ andθ are fermionic coordinates and the superderivatives are given by
One can consider a boundary perturbation which keeps the worldsheet supersymmetry by introducing a boundary action of the form
Here, V(σ, θ) is a boundary perturbation written by superfields with 0-picture and ghost number 0. This boundary perturbation can be expanded by boundary couplings λ's,
where V I is a basis of boundary operators. In the formulation of [13] , the boundary operator O, which is related to the above boundary perturbation by V = b
O, is considered as the basic object of this string field theory. The operator b
has ghost number −1 and its precise definition is given in [1] . Thus, O has picture number 0 and ghost number 1.
In order to construct a boundary string field theory, we need a fermionic vector V and a fermionic two-form ω in the space of all boundary interactions, which satisfy the following three properties:
The natural choice of the fermionic vector V is the one generated by the bulk BRST operator Q B . The nilpotency of V immediately follows from the nilpotency of Q B . The two-form ω is defined by two-point correlation functions of the deformed worldsheet theory. In the case of super BSFT, the choice of the two-form is more subtle due to the complexity of the notion of picture [15] . In [13] , the two-form ω was defined in the following way:
Here, Y (σ) is the inverse picture-changing operator,
and φ is the boson used to bosonize superconformal ghosts,
where ξ and η are fermions of dimension zero and one, respectively. In the above definition of ω, an inverse picture-changing operator is inserted 4 at the same position of each of the two boundary operators O(σ, θ) in order to decrease the picture number of O by one and saturate picture number −2.
However, in this paper, we propose a modified definition of the two-form ω instead of the above one. We find the following new definition much more convenient for our purpose of reformulating super BSFT in terms of boundary states. We define the two-form ω by inserting a double-step inverse picture-changing operator YỸ at the center of the disk, z = e τ −iσ = 0, instead of the boundary:
Here the double-step inverse picture-changing operator is nothing but the product of the holomorphic inverse picture-changing operator and the anti-holomorphic one. This type of picture-changing operator was first used in [16] in order to overcome the singular behavior of cubic superstring field theory [17] due to the collision of picture-changing operators at the midpoint. By using these fermionic vector and two-form, (modified) super BSFT action is defined by the equation
One may think that positions of picture-changing operators do not matter anyway. However, in superstring field theory where off-shell operators should be considered as well, we cannot freely change the positions of picture-changing operators. Thus, our action of super BSFT considered here is, in principle, different from the ones in [12, 13] . The advantage of this modified version of the two-form ω is that, by noting that the double-step inverse picturechanging operator commutes with Q B and b
one can avoid all the complexity and the subtleties argued in the appendix A in [13] , related to inverse picture-changing operators. Therefore, as we will see in the next section, it is straightforward 5 to apply the previous proof [1, 9, 14] for bosonic BSFT to the superstring case under this new definition.
General form of super BSFT action
In [14] , bosonic BSFT was reformulated in terms of boundary states. In that formulation, one can perform the integration of the definitional equation (1) without making any assumption or approximation and obtain the general form of the action itself. We proceed to formulate the above super BSFT along the same lines.
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First note that the insertion of the double-step inverse picture-changing operator YỸ at the center of the disk corresponds to considering the following state in the closed string Hilbert space:
Here |0 −1,−1 ≡ e −φ(0)−φ(0) |0 represents the closed string vacuum with picture number (−1, −1) and |Ω = c 1c1 |0 −1,−1 is the Fock vacuum for closed string oscillators. Remarkably, once we introduce this state |YỸ to calculate the correlation functions, there is neither complexity nor subtleties regarding the bosonization of superconformal ghosts and the picture-changing operation, since all the boundary operators we consider here do not have any picture. It immediately follows from (20) that the state |YỸ is annihilated by the BRST operator and b
in the boundary action:
In addition, |YỸ has the total ghost number 0. Thus, |YỸ shares common properties with the SL(2, C) vacuum |0 in bosonic string. Making use of this state, we propose the following definitions of the nilpotent vector V and the closed two-form ω,
Here, O represents a boundary operator O(σ, θ) after σ and θ integrations,
which can be expanded by couplings λ I and basis O I as O = I λ I O I . In the construction of BSFT, we always define statistics of worldsheet couplings, namely string fields, so that this O after θ integration is fermionic. The symbol Sym[· · · ] is defined in [14] :
B| can be any on-shell boundary state satisfying B|Q B = 0 and B|b − 0 = 0, depending on the open string vacuum at issue. In superstring theory, we have extra degrees of freedom to specify the sign of boundary conditions for fermionic variables. The physical boundary state which survives after GSO projection should be some linear combination of them. Since, in our formulation of super BSFT, the two-form (and the action as well) is comprised of an inner product of such boundary states with the GSO-even closed string state |YỸ = P GSO |YỸ , the bra state is automatically chosen to be a GSO-even combination of boundary states. Now we shall show that our vector and two-form really satisfy the properties (12)- (14). Fortunately, the algebraic proof given in [14] is directly applicable to the current case by replacing the bosonic closed string vacuum |0 with |YỸ , both of which are ghost number 0 and annihilated by b − 0 and (the corresponding) BRST operators. In the following, we repeat the argument given in [14] to make this paper self-contained. A more detailed explanation can be found in the reference. The nilpotency of the vector V simply follows from the nilpotency of Q B 7 as usual. The closedness of ω comes from the fact that the state |YỸ is annihilated by b
Note that this proof of the closedness of ω is much simpler and transparent than the one attempted in [13] , where BRST invariance of unperturbed correlators is further employed. The invariance of ω under the transformation generated by V is also proved without any difficulty.
7 For a non-BPS D-brane, the auxiliary boundary superfield Γ is introduced [19] to take the GSO-odd sector into account. In this case, we should modify the BRST operator so that the anti-commutator {b − 0 , Q B } generates the rotation in this sector as well. This modification is necessary to prove the V -invariance of the two-form ω. We discuss the BRST transformation of this auxiliary boundary superfield in Appendix B.
In the last line, we have used the rotational symmetry generated by the operator L 0 −L 0 as usual. In the above proof, we have used the following properties:
These are nothing but the properties used in the proof [14] for bosonic BSFT:
Thus, our modified two-form (24) naturally satisfies the desired property (13) and (14) . Therefore, we can define a gauge invariant action S of super BSFT using these ingredients:
In [14] , the most important advantage of rewriting BSFT by boundary states is that the equation defining the action can be easily integrated by performing simple algebraic operations without any assumption or approximation. Therefore, we expect that the above equation can also be integrated in the same manner. Again, formally, the calculation is completely the same as the bosonic one [14] and we have
which leads to the action itself
Thus, the action of super BSFT formally takes exactly the same form as the bosonic one (4).
Expansion form and gauge transformation of BSFT
As we have seen in the previous section, the formal expression of BSFT action is the same between bosonic and supersymmetric one. In this section, we develop some formal aspects of the BSFT action. From now on, we use the expression for bosonic BSFT (4) to describe the general action of BSFT for simplicity. However, in the following, one can always recover the expressions for super BSFT by simply replacing |0 with |YỸ and reinterpreting all the quantities by their supersymmetric cousins. Expanding the general action (4) in terms of string field O, we have
One can evaluate the second term of the above expression order by order and find that it takes rather simple form:
In order to interpret this action, it would be convenient to make a field redefinition, O → g o O, and an overall scaling, S → 1 g 2 o S, so that we have
Here g o represents the open string coupling constant. This expansion form of the BSFT action shares several similar properties with other string field theories. First note that all the terms are written 8 in terms of correlation functions of an unperturbed conformal field theory. The first term is just a constant energy shift and it should correspond to the D-brane tension. Note that the next term starts from the kinetic term. Thus, we found that BSFT does not have any open string tadpole around on-shell open string background as desired. This is not obvious from the conjectured relation (3) of super BSFT as we shall discuss in the following section. The kinetic term is quite similar to the one in cubic open string field theory [3] . In both theories, the kinetic terms are written by a disk two-point function of boundary vertex operators O with BRST operator:
The difference is that the positions of two boundary vertex operators O are integrated over the boundary of the disk in the case of BSFT, while they are fixed at some specific points from the beginning in cubic string field theory. Finally, the interaction part consists of infinitely many terms as in the non-polynomial closed string field theory [20] or open superstring field theory [4] . Obviously, the kinetic term of the above action is invariant under the transformation of δ
The full gauge transformation can be read off from a formal argument of the BV formalism even without knowing the BSFT action itself and given by
Here, ω IJ is the inverse matrix to ω IJ , which is the components of the two-form ω. One can directly check the gauge invariance of BSFT by a straightforward calculation, 
Thus, though BSFT appears extraneous to the other covariant string field theories based on particular conformal field theories and overlapping conditions, the action of BSFT formally possesses several structures similar to the others.
Revisiting the conjecture S = Z
As mentioned in the introduction, it is widely believed that the action S of super BSFT is simply given by the disk partition function Z with boundary perturbations in the case where matter and ghosts are completely decoupled [8, 12, 13, 21] . In this section, we revisit this well-known conjecture.
For concreteness, let us consider the boundary state for a Dp-brane. The GSO-even NS-NS boundary state for a Dp-brane is given by a linear combination of two boundary states,
where ± correspond to different boundary conditions for worldsheet spinor fields as summarized in Appendix A. However, as we mentioned in section 3, the GSO-even combination is automatically chosen in the action of super BSFT (33), due to the GSO-invariance of the closed string state |YỸ . Hence we are allowed to focus only on Bp, +|. Then the BSFT action for a Dp-brane is given by
up to an overall normalization. Here, we have multiplied the action (33) by −i in order to make the action real. When matter and ghosts are completely decoupled, the string field O is given in the following form:
where C = c(σ)+θγ(σ) is the ghost superfield on the boundary 9 . The purely matter superfield V is expanded as
After θ integration, we have
The anti-commutator with b − 0 in the exponent appearing in the action (42) picks the "zeropicture part" V (0) up and the exponential does not depend on ghosts at all:
Therefore, we can freely perform the calculation for ghost parts in this particular case. The evaluation of the first term of the action (42)
is straightforward. Though the BRST operator Q B appears in this expression, only ghost parts of it survive due to two c − 0 's and S 1 reduces to the partition function Z,
Let us move on to the second term of the action,
This term which vanishes for on-shell deformations potentially represents the correction from the conjectured form S = Z. Defining the following combinations,
which annihilate Bp, +|, the second term becomes
On the contrary to the anti-commutator with b − 0 , the commutators of O with β + ±1/2 give the V (−1) part of the matter superfield with some phases:
The further operation of G + ∓1/2 gives a SUSY transformation as follows:
If we restrict the matter superfields to superconformal primaries, which satisfy
the above SUSY transformation (53) gives
Then, the correction terms (51) exactly cancel each other. Thus, we have directly shown that, for purely matter superconformal deformation 11 , the action (33) reduces to the partition function Z as conjectured.
The above calculation may also indicate that the conjectured relation S = Z is not always true for operators having more general OPE than (54). Actually, one can find some explicit examples in literatures, which would imply that S = Z is not always valid. For example, in [22, 23] , the authors explicitly calculated correlation functions of some non-primary massive operators in the flat background and found that some one-point functions do not vanish. These examples suggest that if the action is simply defined by the partition function Z, such an action has a tadpole. However it is unlikely that such a trivial background is not a solution of the theory. On the other hand, as shown in the previous section, the general action of (super) BSFT does not have any tadpole around any unperturbed background. Thus, for operators with non-vanishing one-point functions, we surely need the correction term S 2 to cancel the tadpole.
This conclusion is partially satisfactory but there still exists a puzzle. From the beginning, boundary operators O(σ, θ) are assumed to be superfields. However, we have never used the property of being superfields except for the argument above, where we have further restricted ourselves to superconformal primaries. Thus, throughout the formulation of super BSFT, the superfield formalism has never shown its importance, though the worldsheet supersymmetry is known to be necessary to obtain physically reasonable results. We shall further discuss this puzzle in the next section.
Summary and Discussion
We have constructed a BV formulation of boundary superstring field theory in terms of boundary states. We have made a minor modification on the fermionic two-form ω, which leads to a simpler expression of the two-form when it is written in the closed string Hilbert space. With this modification, the proof of the closedness and the invariance of the two-form under the transformation generated by the fermionic vector V , which are essential to the gauge invariance of BSFT, is much more simplified and transparent. Furthermore, with the help of the closed string oscillator expression, we have obtained the general form of the action of super BSFT without any assumption or approximation. It would be worth while mentioning that this general action of super BSFT takes exactly the same form as the bosonic one, which enables us to argue formal aspects of the general action of both BSFTs simultaneously as in section 4. In that section, we have derived the expansion form and the gauge transformation of generic BSFT. We hope that these results help us to understand the relation between BSFT and other formulations of string theory. Finally, as a special case of the general action, we have revisited the famous conjecture that the action of super BSFT is simply given by the partition function when matter and ghosts are completely decoupled. We have directly derived this relation from the general form of the action of super BSFT for superconformal primaries.
In the rest of this section, we argue the puzzle mentioned in the previous section. The puzzle is that, throughout this paper, the role of the superfield formalism is not clear. Especially, the proof of closedness and V -invariance of the two-form is completely independent from the superfield formalism. Of course, one would expect that the superfield formalism ensures the existence of the rigid supersymmetry on the worldsheet. However, the concept of the rigid supersymmetry in the σ coordinate is somehow ambiguous due to the anti-periodicity of worldsheet spinor fields in the NS sector. In order to keep the (anti-)periodicity of superfields, we have to regard the fermionic coordinate θ as anti-periodic, which implies that θ, and hence, the SUSY transformation parameter implicitly depend on σ. One optimistic possibility would be that the transformation given by (53) corresponds to a natural "rigid" supersymmetry in the σ coordinate and the superfield formalism here ensures the transformation (53) gives the corresponding superpartner (55). If this is the case, we can always take the relation S = Z as the definition of the super BSFT action as far as matter and ghosts are decoupled. However, it also suggests that one-point functions must vanish because the action of BSFT never has any tadpole as shown in section 4, which contradicts the explicit calculations given in [22, 23] . We might have to reconsider the treatment of superfields in the σ coordinate more carefully for generic off-shell operators.
BRST operator:
Ghost zero-modes:
Normalization:
Boundary state for Dp-brane:
where µ = 0, . . . , p and i = p + 1, . . . , 9. This satisfies the following conditions:
In our convention, the boundary of the disk is given by the conditions, w =w and |z| 2 = 1, in the cylinder coordinate w = σ + iτ and the disk coordinate z = e −iσ+τ , respectively. Boundary operators are written by the tangential components of operators on the boundary. The mode expansions for matter boundary operators (for the Neumann directions) are given by
and for ghosts,
where the signs ± represent the possible choices of boundary conditions, which correspond to the boundary states, Bp, ±|. Superfields on the boundary are composed of these tangential components,
and the supercovariant derivative is D = ∂ θ + θ∂ σ .
B BRST operator for boundary fermion
In section 3, we have proved the V -invariance of the two-form and derived the general action of super BSFT. The key fact there is that the anti-commutator of the BRST operator Q B with b − 0
generates the rotation of the whole system. However, in order to deal with a non-BPS D-brane, we need to introduce the auxiliary boundary superfield Γ = η + θF , known as the boundary fermion, to take the GSO-odd sector into account [19] . Therefore, for consistency, we must generalize the BRST operator so that its anti-commutator with b − 0 gives the rotation of the whole sector including the auxiliary field. In this appendix, we propose such a generalization of the BRST operator.
The kinetic term for the auxiliary boundary superfield Γ is given by
As an example of the usage of the auxiliary superfield, the boundary operator for the tachyon is written as
Recalling that η and F are of dimension 0 and 1/2, respectively, we can formally define operators P n and Q r as
Then, P n and Q r satisfy the super-Virasoro algebra with central charge zero,
[P m , P n ] = (m − n)P m+n , {Q r , Q s } = 2P r+s , [P n , Q r ] = n − 2r 2 Q n+r .
A natural guess for the generalization of the BRST operator would be adding the following term to the original BRST operator Q B , 
The second relation is also essential to ensure the cancellation of the second term of the general action (51) for primary operators. One can also check that this modified BRST operator Q B + Q ′ B is nilpotent:
As a consistency check of this generalization of the BRST operator, we demonstrate that the usual tachyon potential can be derived from (31) with this modified BRST operator. Substituting the constant tachyon profile into (31), we have
where 
Note that the third term dS 3 comes purely from the additional term, Q ′ B , in the modified BRST operator. The correlation functions for η and F needed to evaluate the terms above are given by 
However, even before the evaluation, we see that dS 2 and the second term of dS 3 cancel out each other by using the boundary condition (63). Furthermore, the first term of dS 3 simply vanishes. Therefore, the net contribution only comes from dS 1 , and we have
which leads to the usual tachyon potential V = e − T 2 4 . Note that, though the net contribution comes from the first term, dS 1 , we also need the cancellation of the second term, dS 2 , by the third term, dS 3 , which originates from the additional term (75) of our modified BRST operator. Though we discussed the case of a non-BPS D-brane, it would be straightforward to extend our argument to multi D-brane systems (including anti-D-branes) by introducing more than one such auxiliary superfields.
